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This paper presents constitutive models for the anisotropic, ﬁnite-deformation viscoelastic behavior of soft ﬁber-rein-
forced composites. An essential assumption of the models is that both the ﬁber reinforcements and matrix can exhibit dis-
tinct time-dependent behavior. As such, the constitutive formulation attributes a diﬀerent viscous stretch measure and free
energy density to the matrix and ﬁber phases. Separate ﬂow rules are speciﬁed for the matrix and the individual ﬁber fam-
ilies. The ﬂow rules for the ﬁber families then are combined to give an anisotropic ﬂow rule for the ﬁber phase. This is in
contrast to many current inelastic models for soft ﬁber-reinforced composites which specify evolution equations directly at
the composite level. The approach presented here allows key model parameters of the composite to be related to the prop-
erties of the matrix and ﬁber constituents and to the ﬁber arrangement. An eﬃcient algorithm is developed for the imple-
mentation of the constitutive models in a ﬁnite-element framework, and examples are presented examining the eﬀects of the
viscoelastic behavior of the matrix and ﬁber phases on the time-dependent response of the composite.
 2007 Elsevier Ltd. All rights reserved.
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Soft ﬁber-reinforced composites are a class of materials usually composed of polymeric ﬁbers organized in a
soft polymeric matrix. These materials have important applications in both engineering and biomechanics.
Examples of soft engineering ﬁber-reinforced composites include woven fabrics for impact protection and con-
tainment, and laminate composites for automotive tires, hoses, and belts. In biomechanics, soft ﬁber-rein-
forced composites describe most soft tissues that serve a structural and/or protective function such as the
cornea, skin, tendons, ligaments, and blood vessels. Because of their ﬁber-reinforced microstructure, these
materials are extraordinarily stiﬀ and strong for their weight. Many soft ﬁber-reinforced composites also pos-
sess a unique combination of ﬂexibility and toughness that is exploited for energy-absorbing and protective0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.06.020
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to dissipate energy through large inelastic deformation.
The area of phenomenological modeling of the anisotropic ﬁnite-inelastic behavior of soft ﬁber-reinforced
composites has been focused mainly on the viscoelastic behavior of soft tissues, though there have been some
recent attention given to the elastic–plastic behavior of soft engineering fabrics and laminates (Reese, 2003;
Sansour and Bocko, 2003; Klinkel et al., 2005). A number of these models are extensions of isotropic formu-
lations that include a description of the preferred ﬁber orientation using the structure tensor method pioneered
by Ericksen and Rivlin (1954), Wang (1969), and Spencer (1971). Limbert and Middleton (2004) extended the
approach of Pioletti et al. (1998) to incorporate an explicit dependence of the invariants of the Cauchy–Green
deformation rate tensor and structure tensors in the stress response. The anisotropic viscoelastic model of Hol-
zapfel and Gasser (2000) is an extension of the isotropic convolution integral formulation developed by Hol-
zapfel (1996) to include a dependence of the equilibrium stress and overstress response on the invariants of the
Cauchy–Green deformation and structure tensors. A more physically based model has been developed by
Bischoﬀ et al. (2004) for highly extensible soft tissues such as skin that combines the isotropic viscoelastic
model of Bergstrom and Boyce (1998) for elastomers and the orthotropic hyperelastic model of Bischoﬀ
et al. (2002). The model attributes the large-deformation time-dependent behavior of the composite to the
entropic and reptation mechanisms of the constituent long-chain (bio)polymer molecules. The viscoelastic for-
mulation applies a multiplicative decomposition of the deformation gradient into elastic and viscous parts.
The latter is an internal variable for the viscous relaxation of the composite material.
The internal variable approach using the multiplicative decomposition of the deformation gradient has
been applied widely and successfully to model the isotropic ﬁnite-inelastic behavior of polymers. However,
applying the internal variable approach to anisotropic ﬁnite-inelasticity raises important questions of how
to describe the material anisotropy in the intermediate conﬁguration. The model of Bischoﬀ et al. (2002) eﬀec-
tively speciﬁes the material anisotropy in both the intermediate and reference conﬁgurations by requiring that
the preferred material orientations remain the same in the two conﬁgurations. The elasto-plastic model of
Reese (2003) for fabric-reinforced composites speciﬁes the structure tensors in the reference conﬁguration
and transforms them to the intermediate conﬁguration using the plastic part of the deformation gradient. San-
sour and Bocko (2003) applies a mixed transformation of the structure tensor using the viscous part of the
deformation gradient and its inverse. The formulation of Reese (2003) leads to the constitutive relations being
independent of the rotational components of the plastic deformation gradient, which serves a practical pur-
pose of simplifying the numerical implementation. However, the advantages of the various approaches and
their physical signiﬁcance have not been fully explored.
This paper presents constitutive models for the ﬁnite-deformation anisotropic, viscoelastic behavior of soft
ﬁber-reinforced composites. First, a general formulation is developed in which the composite material is rep-
resented as a continuum mixture consisting of various ﬁber families embedded in an isotropic matrix. The ori-
entation of the ﬁber families are described in the reference conﬁguration using structure tensors. The diﬀerent
material phases are required to deform aﬃnely with the continuum deformation gradient. However, the model
attributes to each phase a diﬀerent viscous stretch measure by assuming parallel multiplicative decompositions
of the deformation gradient into elastic and viscous parts. The structure tensors of the ﬁber families are
mapped to the intermediate conﬁguration using the viscous deformation gradient of the ﬁber phase. From
the general formulation, two speciﬁc models are developed. The ﬁrst considers a composite material with
an arbitrary number of ﬁber families and formulates the constitutive response of the ﬁber phase only in terms
of the total and elastic ﬁber stretches. The model speciﬁes an isotropic evolution equation for the viscous
deformation of the matrix phase and separate evolution equations for the viscous stretch of the ﬁber families.
The latter is the primary novelty of the approach developed here. Unlike other phenomenological anisotropic
viscoelastic models, an anisotropic evolution equation is not speciﬁed directly for the viscous stretch of the
ﬁber phase (or the composite material) as whole, but instead is developed by homogenizing the ﬂow rules
of the individual ﬁber families. This approach naturally incorporates a description of the ﬁber arrangement
into the eﬀective viscous resistance of the ﬁber phase and allows the model to consider a composite material
with an arbitrary number of ﬁber families. The second model is developed speciﬁcally for a composite material
with two ﬁber-families, but it considers the eﬀects of additional ﬁber reinforcements under shear loadings
through a dependence of the free energy density on higher order invariants of the stretch and structure tensors.
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case. These are combined to provide an evolution equation for the viscous deformation of the ﬁber phase. In
essence, the main accomplishment of this paper is the development of homogenization schemes to calculate the
anisotropic viscous response of the ﬁber-reinforced composite from the viscous response of the ﬁber families
that is consistent with the homogenization scheme widely used in ﬁnite-elasticity to evaluate the anisotropic
stress response of the composite from that of the ﬁber families.
The general constitutive framework for modeling the anisotropic, ﬁnite-deformation, viscoelastic behavior
of soft ﬁber-reinforced composites is presented in Section 2 along with the developments of speciﬁc models for
the N ﬁber-families and two ﬁber-families composites. A scheme for the numerical implementation of the
models in a ﬁnite-element framework is presented in Appendix A. The capabilities of the models are demon-
strated in Section 3 for simple examples of creep and relaxation of an orthotropic composite material and cyc-
lic inﬂation of a laminated thick-wall tube. The results demonstrate that for a composite material with
relatively stiﬀ ﬁber phase in a soft matrix, the time-dependent behavior of the ﬁbers dominates the in-plane
time-dependent behavior of the composite while the time-dependent behavior of the matrix plays a more
prominent role in determining the time-dependent out-of-plane response.2. Model developments
2.1. Kinematics
Consider a continuum body, denoted in the reference (undeformed) conﬁguration as X0, consisting of a
variety of ﬁber families, Fa for a = 1, . . .,N, embedded in an isotropic matrix, M. A ﬁber family is deﬁned
as a collection of ﬁbers sharing the same material composition and unit orientation vector Pa(X) which can
vary with the material position X 2 X0. Following Spencer (1971), a structure tensor Ma :¼ Pa  Pa is deﬁned
for each ﬁber family to facilitate calculation of the ﬁber stretch. The spatial (deformed) conﬁguration of the
body is denoted by X and the position of a spatial point x 2 X at time t is deﬁned by the deformation map
/(X, t). The tangent of / deﬁnes the deformation gradient F :¼ o/oX of the continuum body. It is assumed that
both the matrix and ﬁber phases deform with the continuum deformation gradient F. This assumption allows
the deformed ﬁber vector of Fa to be calculated askapa ¼ FPa; ð1Þ
where ka is the ﬁber stretch and pa is the unit ﬁber orientation vector in X. The ﬁber stretch is calculated from
Eq. (1) aska ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C : Ma
p
; ð2Þwhere C = FTF is the right Cauchy–Green deformation tensor. The stretch rate of Fa can be calculated from
Eq. (2) as 2 _kaka ¼ _C : Ma. Deﬁning a unit structure tensor for the ﬁber family in X asma :¼ pa  pa ¼
FMaF
T
C : Ma
; ð3Þthe ﬁber stretch rate can be evaluated alternatively using the spatial rate of deformation tensor d ¼ sym½ _FF1
from the relation,_ka
ka
¼ d : ma: ð4ÞIn modeling the viscoelastic behavior of hard composites with high-strength brittle ﬁbers, such as graphite
and glass, the ﬁbers are usually considered elastic and the time-dependent response of the composite is attrib-
uted solely to the time-dependent behavior of the matrix material. However, for soft composites, the ﬁber rein-
forcements can exhibit a signiﬁcant time-dependent response. For example, experiments have shown that the
mechanical behavior of collagen and elastin ﬁbers, the primary structural elements in many ﬁber-reinforced
soft tissues, is time-dependent (Fung, 1993). To incorporate the time-dependent behavior of both the matrix
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tiplicative decompositions of the deformation gradient into viscous and elastic parts are assumed for the
matrix and ﬁber phases asF ¼ FeMFvM ¼ FeFFvF: ð5Þ
Note that the parallel decompositions applies to the ﬁber phase and not to the ﬁber families, though this may
be desired if the viscous properties of the ﬁber families are vastly diﬀerent. Moreover, multiple relaxation pro-
cesses can be incorporated for either phases by expanding Eq. (5) to F ¼ FeMkFvMk ¼ FeFlFvFl , where the k and l
subscripts indicates the kth and lth relaxation process of the ﬁber and matrix phases (see Govindjee and Reese,
1997 for isotropic viscoelasticity). In the following, only one relaxation process is considered for either phases
for simplicity. The viscous deformation gradients FvM and F
v
F describe distinct mappings from the reference
conﬁguration X0 to the intermediate conﬁgurations eXM and eXF corresponding to the matrix and ﬁber phases.
From this, the elastic and viscous right Cauchy–Green deformation and corresponding rate of viscous defor-
mation tensors can be deﬁned for the matrix and ﬁber phases asCeM :¼ Fe
T
MF
e
M; C
v
M :¼ Fv
T
MF
v
M; C
e
F :¼ Fe
T
F F
e
F; C
v
F :¼ Fv
T
F F
v
F;
DvM :¼ sym _FvMFv
1
M
h i
¼ 1
2
Fv
T
M
_CvMF
v1
M ; D
v
F :¼ sym _FvFFv
1
F
h i
¼ 1
2
Fv
T
F
_CvFF
v1
F : ð6ÞSubstituting the multiplicative split of the deformation gradient for the ﬁber phase in Eq. (5) into Eq. (1) for Fa
gives kipa ¼ FeFðFvFPaÞ. The term in the parentheses denotes a mapping of the ﬁber vector of Fa from the ref-
erence to the intermediate conﬁguration by the viscous deformation gradient FvF. The result of this mapping is
deﬁned askvaePa :¼ FvFPa; ð7Þ
where the viscous ﬁber stretch kva and unit ﬁber vector ePa denote the deformation and orientation of the ﬁber
family in the intermediate conﬁguration. From ePa, the following structure tensor is deﬁned in the intermediate
conﬁguration (Reese, 2003),fMa :¼ ePa  ePa ¼ FvFMaFvTF
CvF : Ma
: ð8ÞThen, the viscous ﬁber stretch can be computed from Eq. (7) askva ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CvF : Ma
q
; ð9Þand the viscous stretch rate of Fa can be determined from (6), (8), and Eq. (9) as_kva
kva
¼ DvF : fMa: ð10ÞThis result is analogous to Eq. (4) for the total stretch rate of Fa. To complete the kinematics developments,
the mapping of ePa from the intermediate to the spatial conﬁguration is deﬁned as keapa :¼ FeFePa. This allows
the elastic component of the ﬁber stretch to be evaluated askea ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CeF :
fMaq ¼ kakva : ð11Þ
2.2. Isotropic invariants and the free energy density function
The constitutive relations for the soft ﬁber-reinforced composites are developed following the internal state
variable thermodynamic framework of Coleman and Gurtin (1967). A description of the material anisotropy
is incorporated into the constitutive relations using the structure tensor method developed for ﬁnite-elasticity
by Ericksen and Rivlin (1954), Wang (1969), and Spencer (1971). To begin, an isotropic function of the form
WðC;Ma;FvM;FvFÞ is postulated for the Helmholtz free energy density of the composite material (see the fun-
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functions). It is a function of the objective Cauchy–Green deformation tensor, the structure tensors denoting
the ﬁber orientations in X0, and internal state variables for the viscous relaxation of the matrix and ﬁber
phases. It is assumed that the free energy density can be split additively into an equilibrium component
WeqðC;MaÞ responsible for the time-independent stress response of the equilibrium state, and a nonequilibri-
um componentWneqðCeM;CeF;fMaÞ responsible for the time-evolving part of the stress response. The decompo-
sition of the stress response into time-independent and time-evolving parts was ﬁrst proposed by Green and
Tolbosky (1946) in their kinetic theory of rubber relaxation and since then has been adopted widely to describe
the viscoelastic behavior of elastomers and other polymers (Lubliner, 1985; Lion, 1996; Reese and Govindjee,
1998; Bergstrom and Boyce, 1998). In a relaxation experiment WeqðC;MaÞ determines the stress response in
the long-time limit.
To model the viscoelastic behavior of both the matrix and ﬁber phases, the equilibrium and nonequilibrium
components of the free energy density are decomposed further into isotropic and anisotropic components. The
equilibrium isotropic component of the free energy density WeqMðCÞ is formulated as an isotropic function of
the three invariants of C,I1 ¼ C : 1; I2 ¼ 12 I21  C2 : 1
 
; I3 ¼ det C; ð12Þ
while the invariants of C and Ma, referred to here as structural invariants, are applied to formulate the equi-
librium anisotropic componentWeqF ðC;MaÞ. For a material with two ﬁber-families, N = 2, these invariants are
given byI4 ¼ C : M1; I5 ¼ C2 : M1; I6 ¼ C : M2; I7 ¼ C2 : M2;
I8 ¼ trðCM1M2Þ; I9 ¼M1 : M2;
ð13Þwhere tr(Æ) denotes the trace of the tensor. The nonequilibrium isotropic component of the free energy density
WneqM ðCeMÞ, modeling the time-dependent response of the matrix, is expressed as an isotropic function of the
three invariants of CeM,IeM1 ¼ CeM : 1; IeM2 ¼ 12 I e
2
M1
 Ce2M : 1
 
; I eM3 ¼ det CeM: ð14ÞLastly, the nonequilibrium component of the free energy density WneqF ðCeF;fMaÞ is formulated as an isotropic
function of the invariants of CeF and
fMa. For a composite material with two ﬁber-families, these invariants are
deﬁned analogously to those in Eqs. (12) and (13) asIeF1 ¼ CeF : 1; IeF2 ¼ 12 Ie
2
F1
 Ce2F : 1
 
; I eF3 ¼ det CeF;
IeF4 ¼ CeF : fM1; I eF5 ¼ Ce2F : fM1; IeF6 ¼ CeF : fM2; IeF7 ¼ Ce2F : fM2;
IeF8 ¼ tr CeFfM1fM2 ; IeF9 ¼ fM1 : fM2:
ð15ÞThis formulation for the nonlinear anisotropic viscoelastic behavior of the composite is analogous to the rhe-
ological model shown in Fig. 1 of two three-parameters standard models arranged in parallel. Separately, theσ
equilibrium matrix
equilibrium fiber
nonequilibrium fiber
nonequilibrium matrix
Fig. 1. Rheological model of viscoelastic behavior of soft ﬁber-reinforced composite.
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and WeqF represent the strain energy of the ‘‘equilibrium’’ springs of the rheological model, while W
neq
M and
WneqF represent the strain energy of the Maxwell elements. The deformation tensors C
e
M and C
e
F can be con-
sidered loosely as associated with the springs in the Maxwell elements.
The elastic deformation tensor of the matrix and ﬁber phases can be expressed as CeM ¼ Fv
T
M CF
v1
M and
CeF ¼ Fv
T
F CF
v1
F . This allows the structural invariants of the elastic deformation tensors to be expressed equiv-
alently in terms of C and CvF and C
v
M. For example, the invariants of C
v
F in Eqs. (14) and (15) can be written
also asIeF1 ¼ C : Cv
1
F ; I
e
F2
¼ 1
2
Ie
2
F1
 CCv1F : Cv
1
F C
 
; IeF3 ¼ det CCv
1
F
h i
;
IeF4 ¼
C : M1
CvF : M1
; I eF5 ¼
CCv
1
F C : M1
CvF : M1
; IeF6 ¼
C : M2
CvF : M2
; IeF7 ¼
CCv
1
F C : M2
CvF : M2
;
IeF8 ¼
M1C : C
v
FM2
ðCvF : M1ÞðCvF : M2Þ
; IeF9 ¼
CvFM1 : M2C
v
F
ðCvF : M1ÞðCvF : M2Þ
: ð16ÞThen, CvF and C
v
M can be considered the primitive internal state variable of the formulation which allows the
stress relations to be independent of the rotational components of FvF and F
v
M (Reese, 2003). To complete the
formulation, one only needs to specify evolution equations for CvF and C
v
M and not for the rotational compo-
nents of the viscous deformation gradients. This leaves the description of the material anisotropy in the inter-
mediate conﬁguration (i.e, fMa) undetermined.
The general formulation for the free energy density proposed thus far can be expressed for a composite with
two ﬁber-families asWðC;CvM;CvFÞ ¼WeqMðI1; I2; I3Þ þ
X
a
WeqFaðI4; I5; I6; I7; I8; I9Þ
þWneqM IeM1 ; IeM2 ; IeM3
 
þ
X
a
WneqFa I
e
F4
; IeF5 ; I
e
F6
; IeF7 ; I
e
F8
; IeF9
 
: ð17ÞEq. (17) is an irreducible representation of the isotropic invariants of the deformation, structural, and internal
variables needed to specify the viscoelastic stress state of the composite. However, it involves 21 invariants and
is impractical to apply for most problems of interests. The remainder of the constitutive developments will
present two models that are simpliﬁcations of the general framework. The ﬁrst model is developed for a com-
posite material with arbitrary N ﬁber-families where the ﬁber reinforcing model is dependent only on the ﬁber
stretches through C:Ma and C
e : fMa. The second model admits a generalization for the case of two ﬁber-fam-
ilies to allow for additional dependence on I5 and I7. These structural invariants are also related to the ﬁber
stretch, but they introduce additional eﬀects of ﬁber reinforcement in shear as demonstrated for ﬁnite-elastic-
ity by Merodio and Ogden (2005).
2.3. Constitutive model for N ﬁber-families
The following simpliﬁed form of the free energy density function is proposed for a composite material
described by N ﬁber-families embedded in an isotropic matrix,W ¼WeqMðI1; I2; I3Þ þWneqM I eM1 ; I eM2 ; I eM3
 
þ
XN
a¼1
WeqFaðIaþ3Þ þWneqFa IeFaþ3
  
; ð18Þwhere Iaþ3 :¼ C : Ma ¼ k2a and IeFaþ3 :¼ CeF : fMa ¼ ke2a . Note that this numbering scheme for the structural
invariants does not correspond to those of Eq. (15) which applies for a two ﬁber-family system. The ﬁber fam-
ilies are represented in Eq. (18) as rod-like elements that interact with each other and with the matrix only
through the kinematic constraint imposed by the deformation gradient. The function WFaðIaþ3; I eFaþ3Þ ¼
WeqFaðIaþ3Þ þWneqFa ðIeFaþ3Þ can be considered the free energy density for the stretch of a rod representing the ﬁber
family Fa. It is split additively into equilibrium and nonequilibrium components to model the time-dependent
behavior of the ﬁber reinforcements. The free energy density of the ﬁber phase of the continuum body is
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that has been applied successfully to model the constitutive behavior of many engineering materials, such as
the ﬁnite-elasticity of single crystals (Huang, 1950), polymers (Arruda and Boyce, 1993), and ﬁber-reinforced
tissues (Lanir, 1983).
Applying the free energy density function in Eq. (18) to the Clausius–Duhem form of the second law of
thermodynamics gives the isothermal dissipation inequality,S 2 oW
oC
 
:
1
2
_C 2 oW
oCvM
:
1
2
_CvM  2
oW
oCvF
:
1
2
_CvF P 0; ð19Þwhere S is the second Piola–Kirchhoﬀ stress. Requiring that the dissipation vanishes in the equilibrium state,
deﬁned by _CvM ¼ _CvF ¼ 0, gives the usual expression for the stress relation S ¼ 2 oWoC which for W in Eq. (18),
can be evaluated asS ¼ 2 oW
eq
M
oI1
1þ 2 oW
eq
M
oI2
ðI11 CÞ þ 2 oW
eq
M
oI3
I3C
1|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
S
eq
M
þ 2 oW
neq
M
oIeM1
Cv
1
M þ 2
oWneqM
oIM2
IeM1C
v1
M  Cv
1
M CC
v1
M
 
þ 2 oW
neq
M
oI eM3
IeM3C
1
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
S
neq
M
þ
XN
a¼12
oWeqF
oIaþ3
Ma|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
S
eq
F
þ
XN
a¼12
oWneqF
oIeFaþ3
Ma
CvF : Ma|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
S
neq
F
: ð20ÞA Piola transformation of Eq. (20) with F gives an expression for the Cauchy stress in the spatial conﬁguration
asr ¼ 2ﬃﬃﬃﬃ
I3
p oW
eq
M
oI1
bþ 2ﬃﬃﬃﬃ
I3
p oW
eq
M
oI2
ðI1b b2Þ þ 2ﬃﬃﬃﬃ
I3
p oW
eq
M
oI3
I31|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r
eq
M
þ 2ﬃﬃﬃﬃ
I3
p oW
neq
M
oIeM1
beM þ
2ﬃﬃﬃﬃ
I3
p oW
neq
M
oIeM2
IeM1b
e
M  be
2
M
 
þ 2ﬃﬃﬃﬃ
I3
p oW
neq
M
oIeM3
IeM31|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r
neq
M
þ
XN
a¼1
2ﬃﬃﬃﬃ
I3
p oW
eq
F
oIaþ3
Iaþ3ma|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r
eq
F
þ
XN
a¼1
2ﬃﬃﬃﬃ
I3
p oW
neq
F
oIeFaþ3
IeFaþ3ma|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r
neq
F
; ð21Þwhere b = FFT, beM ¼ FeMFe
T
M, and b
e
F ¼ FeFFe
T
F . The anisotropic component of the stress response in (21) can be
written as rF ¼ 1ﬃﬃﬃI3p PNa¼1sFama, where sFa is the ﬁber stress of Fa. Like the ﬁber free energy density, it is also
additively decomposed into equilibrium and nonequilibrium components.
Substituting Eq. (20) into Eq. (19) gives the following expression for the reduced dissipation inequality,2 oW
neq
M
oCvM|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
TM
:
1
2
_CvM2
oWneqF
oCvF|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
TF
:
1
2
_CvF P 0; ð22Þwhere TM and TF are the stresses driving the viscous relaxation of the matrix and ﬁber phases. The two terms
in Eq. (22) represent the viscous dissipation exhibited by the matrix and ﬁber phases. Both are required to be
positive, and Eq. (22) is split into two separate criteria TM :
1
2
_CvM P 0 and TF :
1
2
_CvF P 0. It is assumed that the
viscous relaxation of the two phases are governed by diﬀerent physical processes and thus, occur indepen-
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v
F.
The isotropic ﬂow stress of the matrix can be evaluated for the free energy density in Eq. (18) to giveTM ¼ Cv1M 2
oWneqM
oIeM1
Cþ 2 oW
neq
M
oIeM2
IeM1C CCv
1
M C
 
þ 2 oW
neq
M
oIeM3
I eM3C
v
M
 !
Cv
1
M : ð23ÞTo satisfy the positive dissipation criterion for the matrix phase, the following evolution equation is proposed
for CvM,1
2
_CvM ¼ V1M : TM: ð24ÞThe parameter V1M is the inverse of a positive-deﬁnite, fourth-order, isotropic viscosity tensor given byV1M :¼
1
2gMS
CvM  CvM 
1
3
CvM  CvM
 
þ 1
9gMB
CvM  CvM; ð25Þwhere ðCvM  CvMÞIJKL ¼ 12 ðCvMIK CvMJL þ CvMILCvMJK Þ, and gMB and gMS are, respectively, the bulk and shear viscos-
ities of the matrix material. The formulation does not place any restriction on gMB and gMS except that they be
positive. Thus, they can depend in general on the isotropic invariants of CvM and/or TM (see for example Berg-
strom and Boyce, 1998; Nguyen et al., 2004). It can be shown (see Appendix C) that the spatial representation
of Eq. (24) is identical to the evolution equation proposed by Reese and Govindjee (1998) in their theory for
isotropic nonlinear viscoelasticity. Thus, the isotropic part of the model presented here is identical to their iso-
tropic viscoelasticity model.
To develop an evolution equation for CvF, the anisotropic ﬂow stress TF for the ﬁber phase is evaluated for
the free energy density in Eq. (18) asTF ¼
XN
a¼1
2
oWneqFa
oIeFaþ3
IeFaþ3
Ma
CvF : Ma
: ð26ÞSubstituting Eq. (26) into the reduced dissipation inequality for the ﬁber phase and applying the relation for
the viscous stretch rate calculated from Eq. (9) and ﬁber stress obtained from Eq. (21) givesXN
a¼1
sneqFa
_kva
kva
 !
P 0; ð27Þwhere sneqFa ¼ 2
oWneq
Fa
oIe
Faþ3
IeFaþ3 is the nonequilibrium component of the ﬁber stress. The expression on the left hand
side of Eq. (27) is the viscous dissipation of the ﬁber network and is required to remain non-negative. It is
given by the sum of the viscous dissipation exhibited by the N ﬁber-families. From physical arguments, these
must also be non-negative:sneqFa
_kva
kva
 !
P 0; for all a ¼ 1; . . . ;N : ð28ÞAccording to Eq. (28), the nonequilibrium ﬁber stress sneqFa is the thermodynamic stress driving the viscous
relaxation of Fa. The following simple ﬂow rule is proposed for the viscous stretch of Fa to satisfy the positive
dissipation criterion,_kva
kva
¼ 1
gFa
sneqFa k
e
Fa
 
; ð29Þwhere gFa is a positive scalar quantity representing the characteristic viscosity of Fa that in general can depend
on sneqFa and the ﬁber stretches ka and k
v
a. Substituting the ﬂow rule in Eq. (29) for sFa and the relation
_kva=k
v
a ¼ 1=2 _CvF : Ma into Eq. (26) gives the following homogenized anisotropic ﬂow rule for the ﬁber phase,
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2
_CvF; VF ¼
X
a¼1
gFa
Ma
CvF : Ma
 Ma
CvF : Ma
; ð30Þwhere VF is the eﬀective anisotropic viscosity tensor of the ﬁber phase that is directly related to the viscosity of
the individual ﬁber families and the ﬁber arrangement. For a planar ﬁber arrangement with more than three
ﬁber families and for a three-dimensional ﬁber arrangement with more than six ﬁber families, it is more eﬃ-
cient to solve Eq. (30) than Eq. (29) for the viscous deformation of the ﬁber phase. To summarize, the stress
relation in Eq. (21) and the evolution Eqs. (24) and (29) (or alternatively Eq. (30)) form a complete constitutive
model for a ﬁber-reinforced composite material with N ﬁber-families. The numerical implementation of the
model into a ﬁnite element framework is developed in Appendix A.2.4. Constitutive model for two ﬁber-families
This section presents a generalization of the nonlinear viscoelasticity framework developed in Section 2.3
for a composite with two ﬁber-families. The developments here allow the free energy density to depend on
higher order structural invariants I5 and I7 deﬁned in Eqs. (13) and I
e
F5
and I eF7 deﬁned in (15). As a short hand,
the notation I2a+2 for a = 1, . . ., 2 is used to denote the invariants I4 and I6 while I2a+3 is applied for the higher
order invariants I5 and I7. Similarly, I
e
F2aþ2 and I
e
F2aþ3 are used for I
e
F4
and I eF6 , and I
e
F5
and IeF7 . The following
simpliﬁed form of the free energy is proposed for the composite material with two ﬁber-families,W ¼WeqMðI1; I2; I3Þ þWneqM IeM1 ; IeM2 ; IeM3
 
þ
X2
a¼1
WeqFa I2aþ2; I2aþ3ð Þ þ
X2
a¼1
WneqFa I
e
F 2aþ2 ; I
e
F 2aþ3
 
: ð31ÞThe same formulation of WM as used previously in Section 2.3 is applied to model the isotropic time-depen-
dent behavior of the matrix. Thus, only developments pertaining the anisotropic part of the model are pre-
sented in this section. The stress response is computed using the relation S ¼ 2 oWoC , which yields the
following for the anisotropic component of the second Piola–Kirchhoﬀ stress tensor,SF ¼
X2
a¼1 2
oWeqFa
oI2aþ2
Ma þ
oWeqFa
oI2aþ3
ðCMa þMaCÞ
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
S
eq
F
þ
X2
a¼1 2
oWneqFa
oI eF2aþ2
Ma
CvF : Ma
þ 2 oW
neq
Fa
oI eF2aþ3
Cv
1
F CMa þMaCCv
1
F
CvF : Ma
 !
:|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
S
neq
F
ð32ÞThe isotropic component of the stress response SM is given in Eq. (20). The anisotropic stress component can
be expressed in the spatial conﬁguration by applying the Piola transformation to giverF ¼
X2
a¼1
2ﬃﬃﬃﬃ
I3
p oW
eq
Fa
oI2aþ2
I2aþ2ma þ 2ﬃﬃﬃﬃ
I3
p oW
eq
Fa
oI2aþ3
I2aþ3ðbma þmabÞ
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r
eq
F
þ
X2
a¼1
2ﬃﬃﬃﬃ
I3
p oW
neq
Fa
oI eF2aþ2
IeF2aþ2ma þ
2ﬃﬃﬃﬃ
I3
p oW
neq
Fa
oIeF2aþ3
IeF2aþ3 b
e
Fma þmabeF
  !
:|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r
neq
F
ð33ÞThe reduced dissipation inequality for the ﬁber phase is computed by applying the free energy density in Eq.
(31) to Eq. (22) asX2
a¼1
2
oWneqFa
oI eF2aþ2
IeF2aþ2 þ 2
oWneqFa
oIeF2aþ3
IeF2aþ3
 !
Ma
CvF : Ma
þ
X2
a¼1
2
oWneqFa
oIeF2aþ3
Cv
1
F CMaCC
v1
F
CvF : Ma
" #
:
1
2
_CvF P 0; ð34Þ
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v
a
that is similar to Eq. (29) for the simpler N ﬁber-families model. However, an expression for the thermody-
namic stress driving the evolution of kva is not apparent from the reduced dissipation inequality in Eq. (34)
because of the coupling between the normal and shear response produced by the higher order structural invar-
iants Ie2aþ3. Here, inspiration is taken from the formulation in Section 2.3 to develop a relationship between the
ﬂow stress TF and nonequilibrium anisotropic stress component r
neq
F . With some algebraic manipulations, it
can be shown (see Appendix D) that for the orthotropic case, P1 Æ P2 = 0,ﬃﬃﬃﬃ
I3
p
r
neq
F : I2aþ2sym½mab1 ¼ TF : sym½MaCvF; ð35Þwhere
ﬃﬃﬃﬃ
I3
p
r
neq
F : I2aþ2sym½mab1 ¼ sneqFa is the ﬁber stress computed by projecting the nonequilibrium stress of
ﬁber phase onto the ﬁber orientation vectors. The ﬁber stress can be evaluated for rF in Eq. (33) assneqFa ¼ 2
oWneqFa
oIeF2aþ2
IeF2aþ2 þ 2
oWneqFa
oIeF2aþ3
I eF2aþ3 þ
X2
b
oWneqFb
oI eF2bþ3
Cv
1
F CMb : MaC
CvF : Mb
þMbCC
v1
F : CMa
CvF : Mb
 !
: ð36ÞThen the same ﬁber-level ﬂow rule in Eq. (29) can be applied here for the orthotropic case:_kva
kva
¼ 1
gFa
sneqFa ; ð37Þwhere gFa is in general a scalar function denoting the characteristic viscosity of Fa. The anisotropic component
of the stress response in Eq. (32) requires a solution for CvF. To complete the constitutive formulation, the fol-
lowing relation for CvF and the viscous ﬁber stretch is proposed for the orthotropic case,1
2
_CvF ¼
X2
a¼1
_kva
kva
sym MaC
v
F

 
: ð38ÞThis relation is consistent with the kinematic assumptions made in Section 2.1 regarding the deformation of
the ﬁber families. Speciﬁcally, it can be shown from Eq. (38) that _CvF : Ma ¼ 2kva _kva for P1 Æ P2 = 0 which is con-
sistent with the deﬁnition of the viscous stretch in Eq. (9).
An evolution equation for CvF of the ﬁber phase can be obtained by combining Eqs. (35), (37), and (38) to
give1
2
_CvF ¼ V1F : TF; V1F ¼
X2
a¼1
1
4gFa
MaC
v
F þ CvFMa
  MaCvF þ CvFMa ; ð39Þ
where VF is the anisotropic viscosity tensor that is related directly to the ﬁber viscosities gFa and the ﬁber
arrangement. The inverse viscosity tensor in Eq. (39) possesses both major and minor symmetry. The latter
is a consequence of the symmetric property of TF and C
v
F, while the former is a direct consequence of choosing
the relation in Eq. (39) for CvFa . Finally, Eq. (39) is substituted into Eq. (34) to test for the satisfaction of the
positive dissipation criteria. The resulting expression for the viscous dissipation is a quadratic form,X2
a¼1
1
gFa
TF : sym MaC
v
F

  2 P 0; for gFa P 0; ð40Þ
that is always positive for gFa P 0.
The model developed here reduces to the simpler model in Section 2.3 for two orthogonal ﬁber families.
Absent the dependence of the free energy density on I5, I7, I
e
F5
, and IeF7 , the anisotropic component of the stress
response in Eq. (32) reduces to that in Eq. (20), and the relation _CvF : Ma, evaluated from Eq. (39), reduces to
the evolution Eq. (29) for kva. A numerical implementation of the model for a ﬁnite element framework is
developed in Appendix A.
The signiﬁcance of the driving stress sFa in Eq. (35) as the ﬁber stress and the kinematic relation in Eq. (38)
are valid only for P1 Æ P2 = 0. However, the same formulation can be applied for the case of two non-orthog-
onal ﬁber families by deﬁning orthogonal direction vectors that are bisectors of the two non-orthogonal ﬁber
8376 T.D. Nguyen et al. / International Journal of Solids and Structures 44 (2007) 8366–8389vectors (e.g., P^1 ¼ P1þP2kP1þP2k and P^2 ¼
P1P2
kP1P2k). Then the same procedure can be applied to calculate the stresses
and stretches of the ﬁber phase projected onto the two orthogonal directions P^1 and P^2.
3. Numerical examples
To demonstrate the capabilities of the anisotropic constitutive models, the N ﬁber-families model presented
in Section 2.3 and the generalized two ﬁber-families model presented in Section 2.4 are applied to examine the
viscoelastic behavior of composites with two reinforcing ﬁber families. For all of the examples, the stress
response of the matrix is considered to be nearly incompressible. This is generally a good assumption for bio-
logical soft tissues where the matrix material is composed mainly of water and for soft engineering composites
with an elastomeric matrix. To model the nearly incompressible behavior of the matrix, the following decou-
pled representation of the Neo-Hookean free energy density for the matrix is applied in all the simulations,WM ¼ l
eq
2
ðI1  3Þ þ l
neq
2
ðIeM1  3Þ þ
j
4
ðI3  ln I3  1Þ: ð41ÞThe variables I1 ¼ I
1
3
3 I1 and I
e
M1
¼ Ie
1
3
M3
IeM1 are the ﬁrst invariant of the deviatoric components of the deforma-
tion tensors C ¼ I133 C and Ce ¼ Ie
1
3
M3
Ce (see Flory, 1961; Ogden, 1978; and Simo et al., 1985 for more details on
the volumetric/deviatoric split of F). The deviatoric part of the matrix stress response is characterized by the
short- and long-time shear moduli lo = l
eq + lneq and l1 = l
eq while the volumetric part is characterized by
the bulk modulus j. The incompressibility of the matrix material is approximated by specifying j lo. The
time-dependence of the bulk properties is neglected because of the incompressibility assumption. For simplic-
ity, the shear viscosity gMS is set to a constant. For the N ﬁber-families model presented in Section 2.3, where
the anisotropic part of the free energy density depends only on the ﬁber stretches, the standard reinforcing
model is applied for WF in Eq. (18):WF ¼
X2
a¼1
1
2
keqðIaþ3  1Þ2 þ
X2
a¼1
1
2
kneq IeFaþ3  1
 2
: ð42ÞRecall that for the N ﬁber-families model, Ia+3 = C:Ma and I
e
Faþ3 ¼ CeF : fMa. The two ﬁber-families are chosen
to have the same mechanical properties keq and kneq in Eq. (42). This model is referred to as Model I in the
remainder of the section. For simplicity, the characteristic ﬁber viscosity is chosen to be a constant parameter.
For the two ﬁber-families model presented in Section 2.4, the following higher order reinforcing model exam-
ined by Merodio and Ogden (2005) is chosen for WF.WF ¼
X2
a¼1
1
2
keqðI2aþ3  1Þ2 þ
X2
a¼1
1
2
kneq I eF2aþ3  1
 2
: ð43ÞAs for Model I, it has been assumed that the two ﬁber-families exhibit the same material properties, and a
constant gF is chosen for the viscosity of both ﬁber families. This model is referred to as Model II in the
remainder of the section. The linearization of the two models in the limit of small-strains is presented in
Appendix B. To avoid volumetric locking eﬀects in modeling the nearly incompressible response of the matrix,
the mixed element formulation developed by Simo et al. (1985) is employed for the ﬁnite-element simulations.
Speciﬁcally, eight-node hexahedron Q1P0 elements are used for all the simulations. In addition, an incremen-
tal Newton–Raphson solution algorithm is used to solve the quasistatic boundary value problem.
3.1. Uniaxial tensile creep response
Models I and II, were applied to study the uniaxial creep response of a composite with two orthogonal ﬁber
families. Three cases were considered for each model to examine the eﬀects of ﬁber and matrix viscoelasticity
on the time-dependent response of the composite. Case 1 was characterized by a viscoelastic matrix and an
elastic ﬁber phase while case 2 was characterized by an elastic matrix and viscoelastic ﬁber phase. Both phases
exhibited viscoelastic behavior for case 3. The model parameters for the three cases, given in Table 1, were
Table 1
Parameters for Models I and II for uniaxial creep of orthotropic ﬁber-reinforced composite
Cases kneq/keq leq/keq lneq/keq j/keq nF(s) nM(s)
1 0.0 0.005 0.005 50 – 1
2 1.0 0.02 0.0 100 1 –
3 1.0 0.01 0.01 100 1 1
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* = nM = nF = 1 s for the matrix
and ﬁber phases (see Appendix B for the derivation of nM and nF.). As a result, Model I possessed a more
compliant creep response than Model II, but the three cases of each model had same instantaneous behavior
at t = 0. The two ﬁber-families were oriented in the P1 = e1 and P2 = e2 directions. The ﬁnite-element geom-
etry employed for the uniaxial creep simulations was a cube discretized by eight Q1P0 hexahedron elements of
size h = 1 mm. The displacements of three faces of the cube were constrained as u1(x1 = 0) = 0, u2(x2 = 0), and
u3(x3 = 0), to remove rigid body deformation modes. Loading was provided by applying a constant normal
traction t2 = r22 = 0.5ko to the top face of the cube x2 = 2h at time t = 0. The loading resulted in an instan-
taneous strain e22ðt ¼ 0Þ ¼ u22h ¼ 0:098 for Model I and e22(t = 0) = 0.027 for Model II. As expected, Model I
exhibited a more compliant creep response for the same ﬁber stiﬀness ko. Throughout all the simulations, the
change in the jacobian J = det[F] remained below 0.01% which demonstrated that a suﬃciently high value of
the matrix bulk modulus can be used to model the nearly incompressible response of the composite. The time
evolution of the creep strain e22 and the out-of-plane strains e11 and e33 for the three cases of Models I and II
are plotted in Fig. 2. The strains were normalized by the instantaneous creep strain e22(t = 0) while time was
normalized by the characteristic relaxation time n*. Because the ﬁber phase was signiﬁcantly stiﬀer than the
matrix phase, amore pronounced creep responsewas observed for cases 2 and 3 than case 1where only thematrix
was allowed to exhibit time-dependent behavior. The creep response of cases 2 and 3 plotted in Fig. 2(b) were
nearly identical which conﬁrmed that the time-dependent behavior of the matrix had little eﬀect on the creep
response of the composite. The Poisson’s contraction in the plane of the ﬁber families, e11, plotted in Figs. 2(c)
and (d), were small relative to e22 for all three cases. However, the time-dependence of e11 diﬀered dramatically
between the cases. The magnitude of e11 decreased with time for case 1 but increased with time for cases 2 and 3.
Theout of the plane strain, e33 plotted inFigs. 2(e) and (f), became increasingly negativewith time for all cases, but
its magnitude was signiﬁcantly larger for cases 2 and 3, where the ﬁbers could creep, than case 1.
3.2. Simple shear relaxation response
The three cases of Models I and II were applied to study the stress relaxation response under simple shear.
Recall that the model parameters for the three cases were given in Table 1. The orientation of the two ﬁber-
families was set to P1 = e1 and P2 = e2 and the same ﬁnite-element geometry employed for the creep problem
was used for the simple shear simulations. The displacement components u3 and u2 of the cube were held ﬁxed
while u1(x2) = 0.25x2 was applied to all the nodes of the ﬁnite-element geometry at time t = 0 to produce a
uniform engineering shear strain c12 = 0.25. Fig. 3 plots the time history of the stress relaxation response.
The stresses were normalized by the short-time shear stress, r12(0) = 0.25ko for Model I and r12(0) = 3.1 ko
for the signiﬁcantly stiﬀer Model II, while the time was normalized by the characteristic relaxation time
n* = 1 s of each case. As observed in the creep simulations, the stress relaxation obtained for case 1, where only
the ﬁber phase was elastic, was negligible compared to that computed for cases 2 and 3. The ratio of the long-
time to short-time stress response of case 1 was r12(1)/r12(0) = 0.99 while r12(1)/r12(0) = 0.5 for cases 2 and
3. The same was observed for the normal stress response r11 in the plane of the ﬁber families. However, the
out-of-plane relaxation response was dominated by the time-dependent behavior of the matrix. As shown in
Figs. 3(e) and (f), stress relaxation was observed for r33 in cases 1 and 3 but not in case 2 where the matrix
was elastic. The results of both the creep and relaxation studies indicated that the viscoelastic behavior of
the matrix can be neglected in modeling the in-plane time-dependent behavior of ﬁber-reinforced composite
when the ﬁber phase also exhibits viscoelastic behavior and is signiﬁcantly stiﬀer than the matrix phase.
To further compare the reinforcing eﬀects provided by the two models in shear, the relaxation response of
case 2 was examined for an applied uniform shear strain c13 = 0.25. Recall that case 2 was characterized by a
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Fig. 2. Uniaxial tensile creep: (a) creep strain in the loading direction e22 for case 1 of both models, (b) e22 for cases 2 and 3 of both models,
(c) e11 for all cases of Model I, (d) e11 for all cases of Model II, (e) e33 for all cases of Model I, and (f) e33 for all cases of Model II.
8378 T.D. Nguyen et al. / International Journal of Solids and Structures 44 (2007) 8366–8389viscoelastic ﬁber phase and an elastic matrix phase. The shear strain was applied by specifying u2 = u3 = 0 and
u1(x3) = 0.25x3 at all the nodes of the ﬁnite-element model. The stress response of Model I to c13 was com-
pletely independent of time. The ﬁber families of Model I remained unstretched in this loading geometry,
and the stress response of the composite was determined solely by the elastic matrix. In contrast, the ﬁber fam-
ilies provided a reinforcing eﬀect in Model II because the applied deformation induced a stretch in the higher
order invariant, I5 = 1 + c13. This enabled the relaxation of the stress response r13 and r11 shown in Fig. 4.3.3. Inﬂation of composite tube
Model I was applied to simulate the inﬂation of a laminated thick-wall tube. A schematic of the composite
tube is illustrated in Fig. 5. The thick-wall tube consisted of two laminates, each composed of two helically
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Fig. 3. Simple shear relaxation: (a) shear stress in the loading direction r12 for case 1 of both models, (b) r12 for cases 2 and 3 of both
models, (c) r11 for all cases of Model I, (d) r11 for all cases of Model II, (e) r33 for all cases of Model I, (f) r33 for all cases of Model II.
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respect to the tube axis. The geometry of the composite tube was chosen to represent the dimensions and ﬁber
arrangement of the adventitia and media layers of a human elastic artery as provided by Holzapfel et al.
(2002). However, the material parameters listed in Table 1 for case 3 were applied to model both laminates.
A quarter model of the tube was constructed for the ﬁnite-element simulation and discretized using Q1P0
mixed elements of length L/12 in the axial direction and p/52 rad in the circumferential direction. For each
layer, the size of the elements in the radial direction was biased towards the center to capture the high stress
gradients near the inner surface of each layers. In total, eight elements were used to discretize the radial thick-
ness of the inner layer and four elements were used for the outer layer. The vertical displacement at the ends of
the tube was constrained as u3(z = L/2) = u3(z = L/2) = 0 to preclude axial stretching, and u3(x2 = 0) = 0
and u1(x1 = 0) were set to preserve the radial symmetry of the quarter tube model. An internal pressure,
Fig. 5. Schematic of thick-wall cylinder composed of two laminates of diﬀerent ﬁber windings. The tube is inﬂated by applying a cyclic
internal pressure while holding the ends ﬁxed.
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Fig. 4. Stress relaxation for Model II subject to simple shear out of the plane of the ﬁber families: (a) shear stress r13 along the loading
direction, (b) normal stress r11 along the loading direction.
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applied internal pressure p was ramped quickly from zero at t = 0 to p = 0.1ko at t = 0.1n
*, then cycled sinu-
soidally at a frequency of x = 2p/n* = 1 Hz between 0 6 p 6 0.05ko. The applied internal pressure is plotted in
Fig. 6 as a function of the internal volume change calculated as r2i =R
2
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Fig. 6. Cyclic inﬂation of laminate cylinder: (a) internal pressure vs. volume change, (b) the radial and hoop stresses, rrr and rhh, as a
function of radial distance.
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pressure–volume response after one loading period. The steady-state pressure–volume curve formed an ellip-
tical shape characteristic of the hysteresis curve of viscoelastic materials. The viscous dissipation can be com-
puted by integrating the area underneath the steady-state pressure–volume curve for one cycle. The radial and
hoop stress of the laminate cylinder are plotted in Fig. 6(b) as a function of the radial distance. The compres-
sive radial stress decreased smoothly from the applied pressure p at the internal surface R/Ri = 1 to zero at
the traction free external surface R/Ri = 1.43. Meanwhile, the tensile hoop stress decreased gradually from
3.8 6 rhh/p 6 3.0 for 1.0 6 R/Ri 6 1.21, then more dramatically from 3.0 6 rhh/p 6 0.93 for 1.0 6 R/
Ri 6 1.32 before slowly decreasing to rhh/p = 0.85 at the external surface of the cylinder, R/Ri = 1.43.
The sharp decrease in the hoop stress occurred near the interface of the two laminates located at r/
Ri = 1.29. The hoop stress was signiﬁcantly higher in the inner laminate because the ±10 ﬁber winding angles
of the inner laminate provided a stiﬀer hoop reinforcement than the ±40 ﬁber winding of the outer layer.
4. Conclusion
A general constitutive framework has been presented for modeling the ﬁnite-deformation viscoelastic
behavior of soft ﬁber-reinforced composites. The essential and distinguishing features of the model includes:
• The parallel decomposition of the deformation gradient and additive split of the free energy density into
matrix and ﬁber components and then further into elastic/equilibrium and viscous/nonequilibrium compo-
nents. This allows separate stress relations and viscous ﬂow rules to be speciﬁed for the constituent phases.
• The mapping of the structure tensor to the intermediate conﬁguration with the viscous deformation gradi-
ent of the ﬁber phase which permits the ﬁber arrangement to be speciﬁed only in reference conﬁguration.
• The deﬁnition of the viscous and elastic ﬁber stretch from the viscous and total deformation gradient of the
ﬁber phase and the structure tensors.
• The formulation of one-dimensional viscous ﬂow rules for the individual ﬁber families and the homogeni-
zation of the individual ﬂow rules for the three-dimensional.
The main result of this new approach is that it introduces a description of the ﬁber arrangement in the eﬀec-
tive viscous properties of the ﬁber phase in the same manner that the analogous homogenization scheme for
the free energy density incorporates a description of the ﬁber arrangement in the eﬀective elastic properties. An
attractive feature of the approach to anisotropic viscoelasticity presented here is that key model parameters
can be related to the material properties (i.e., moduli and viscosities) of the constituent phases and to the
arrangement of the ﬁber families. Consequently, the model parameters can be determined, when possible, from
independent characterizations of the viscoelastic properties of the matrix and ﬁber materials and of the com-
posite morphology. The formulation of the model also provides for a simple and eﬃcient numerical implemen-
tation in a ﬁnite-element framework. The constitutive relations depend only on the externally applied stretch
and internal stretches, which are evaluated for the matrix and ﬁber phases in a ﬁnite-element framework at the
integration point level using a ﬁrst-order accurate, stable Newton solution algorithm. Finally, the approach
can be extended to model anisotropic elasto-viscoplasticity for ﬁber-reinforced composites. An analogous elas-
to-viscoplastic model would include the formulation for the individual ﬁber families of a yield condition using
the ﬁber stress, a plastic ﬂow rule for the plastic ﬁber stretch, and the Kuhn–Tucker conditions involving the
plastic ﬁber stretch and the ﬁber yield condition. These features allow the constitutive models presented here to
serve as an eﬃcient and predictive simulation tool for the design and analysis of a class of materials that is
important in both engineering applications and in biomechanics. In the area of biomechanics, the model is
applied currently to study the viscoelastic behavior of the cornea (Nguyen et al., submitted for publication).
In addition, its application to modeling the viscoelastic behavior of blood vessels is being explored.
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Appendix A. Numerical implementation
The constitutive relations for the two models presented in Sections 2.3 and 2.4 require the integration
of the isotropic evolution equation for CvM of the matrix and the anisotropic evolution equation for C
v
F
of the ﬁber phase. An eﬃcient numerical integration algorithm has been developed by Reese and Gov-
indjee (1998) for the spatial representation of the isotropic evolution Eq. (24). Their work also provides
a method for calculating the consistent tangent for the isotropic component of the stress response.
Therefore, this section will focus only on developing integration algorithms for the anisotropic evolution
equations for CvF and the material tangent for the anisotropic nonequilibrium component of the stress
response.
A.1. Numerical integration of the evolution equations
In a ﬁnite-element framework, the time integration of the evolution equations for the internal vari-
ables are performed at the integration point level. At time tn+1 = tn + Dt, the updated internal variables
are evaluated assuming that the updated values of the deformation gradient Fn+1 are given and that the
previous values of the deformation gradient Fn, previous values of the internal variables C
v
Mn
and CvFn ,
and the structure tensors Ma are known. For the constitutive model presented in Section 2.3 for N ﬁber-
families, the ﬂow rule in Eq. (29) for kva can be integrated numerically using a backward Euler integra-
tion scheme. Applying the time discretization of the viscous stretch rate _kva ¼ ðkvanþ1  kvanÞ=Dt to Eq. (29)
giveskvanþ1 
Dt
gFaðka; kvaÞ
sneqFa ðkeaÞ
 
nþ1
kvanþ1  kvan ¼ 0; ðA:1Þwhere it has been assumed that the ﬁber viscosity, gFa , can depend generally on the total and viscous stretch, ka
and kva. The N nonlinear equations are solved at each integration point for the updated values k
v
anþ1 using the
Newton solution algorithm presented in Table A.1.
For the case where there are more than three ﬁber families arranged in a plane, and more than six ﬁber
families in a fully three-dimensional arrangement, it is more eﬃcient to solve for CvF rather than for the viscous
ﬁber stretches. The rate Eq. (30) is inverted to give an evolution equation for CvF,_CvF ¼ 2V1F : TF; ðA:2Þ
where the fourth-order viscosity tensor VF given in Eq. (30) is required to be invertible. A backward Euler
discretization scheme is applied to Eq. (A.2) to giveCvFnþ1  2DtV1Fnþ1TFnþ1  CvFn ¼ 0: ðA:3ÞEq. (A.3) is a nonlinear equation for the updated values of CvF that is solved at the integration point using the
Newton scheme presented in Table A.2.
Similarly, for the generalized two ﬁber-families model presented in Section 2.4, a backward Euler integra-
tion scheme is applied to discretize the evolution Eq. (39) for the ﬁber viscous deformation. This results in the
following nonlinear system of equations for CvFnþ1 ,CvFnþ1 
X2
a¼1
2Dt
gFaðkanþ1 ; kvanþ1Þ
TFnþ1 : sym MaC
v
Fnþ1
h i 
sym MaC
v
Fnþ1
h i
 CvFn ¼ 0: ðA:4ÞThis is solved at each integration point using the Newton solution algorithm described in Table A.3.
Table A.2
Integration algorithm for CvFnþ1 for N ﬁber-families model
Residual k + 1 iteration: Rkþ1 ¼ Cvkþ1F  2DtðVkþ1F Þ1 : Tkþ1F  CvFn ¼ 0
TF ¼
PN
a¼1s
neq
Fa
Ma
CvF :Ma
VF ¼
P2
a¼1
gFa
kv
4
Fa
Ma Ma
Linearize about Cv
k
Fnþ1 : R
kþ1  Rk þ oR
oCvF
|ﬄ{zﬄ}
K
Cv
k
F
DCvF ¼ 0
Consistent tangent: K ¼ I DtV1F : 2 oTFoCvF 
PN
a
1
kva
ogFa
okva
Mi : V
1
F : TF
 
Ma Ma
 
2 oTFoCvF
¼PNa¼1  2 osneqFaoIeF2aþ2 IeFa MaCvF :Ma  MaCvF :Ma
Solve for the increment: DCvF ¼ K1 : Rk CvkF

Update solution: Cv
kþ1
F ¼ Cv
k
F þ DCvF
Repeat until: kRk+1k < ctol
Increment of CvF: DC
v
F ¼ K1 : G : DC
G ¼ DtV1F : 2 oTFoC 
PN
i
1
ka
ogFa
oka
Ma : V
1
F : TF
 
Ma Ma
 
\
2 oTFoC ¼
PN
a¼12
osneq
Fa
oIeF2aþ2
Ma
CvF :Ma
 Ma
CvF :Ma
Algorithmic moduli: CneqF ¼ 2
oSneq
F
oC þ 2
oSneq
F
oCvF
: K1 : G
2
oSneq
F
oC ¼
PN
a¼14
oWneq
Fa
oIeF2aþ2
Ma
CvF :Ma
 Ma
CvF :Ma
2
oSneq
F
oCvF
¼PNa¼1  2 osneqFaoIeF2aþ2 MaCvF :Ma  MaCvF :Ma
Table A.1
Integration algorithm for kvanþ1 for N ﬁber-families model
Residual for k + 1 iteration: rkþ1a ¼ kv
kþ1
a  Dtgkþ1
Fa
sneq
k
Fa
kv
kþ1
a  kvan ¼ 0
sneqFa ¼ 2
oWneq
F
oIeFaþ3
IeFaþ3
Linearize about kv
k
Fanþ1
: rkþ1a  rka kvFa
 
þ ora
okva
|{z}
ka
kv
k
a
Dkvi ¼ 0
Consistent tangent: ka ¼ 1 DtgFa 1
1
gFa
ogFa
okva
kva
 
sneqFa  2
osneq
Fa
oIeFaþ3
IeFaþ3
 
Solve for the increment: Dkva ¼  raka kvka

Update solution: kv
kþ1
a ¼ kv
k
a þ Dkva
Repeat until: rkþ1a < ctol
Increment of CvF: DC
v
F : Ma ¼ gakakea DC : Ma
ga ¼  DtgFa
1
gFa
ogFa
oka
kas
neq
Fa
 2 os
neq
Fa
oIeFaþ3
IeFaþ3
 
kva
ka
Algorithmic moduli: CneqF ¼
PN
a¼1 4
o2Wneq
Fa
oIe2Faþ3
 4 o
2W
neq
Fa
oIe2Faþ3
IeFaþ3 þ
oWneq
Fa
oIeFaþ3
 
ga
ka
ﬃﬃﬃﬃﬃﬃﬃﬃ
IeFaþ3
p ! Ma
CvF :Ma
 MaCvF :Ma
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The implicit solution of an initial boundary value problem requires the time discretization of the deforma-
tion history and linearization of the constitutive relations about the deformation state at time tn to solve for
the updated deformation state at time tn+1 = tn + D t. The consistent material tangent moduli is deﬁned by the
linearization of the second Piola–Kirchhoﬀ stress response for a time increment Dt as
Table A.3
Integration algorithm for CvFnþ1 for the two ﬁber-families model
Residual k + 1 iteration: Rkþ1 ¼ Cvkþ1F 
P2
a¼1
Dt
gFa
ðTkþ1F : sym½MaCv
kþ1
F Þsym½MaCv
kþ1
F   CvFn
TF ¼
P2
a¼1 2
oWneq
Fa
oIeF2aþ2
IeF2aþ2 þ 2
oWneq
Fa
oIeF2aþ3
IeF2aþ3
 
Ma
CvF :Ma
þ 2 oW
neq
Fa
oIeF2aþ3
Cv
1
F CMaCC
v1
F
CvF :Ma
Linearize about Cv
k
Fnþ1 : R
kþ1  Rk þ oR
oCvF
|ﬄ{zﬄ}
K
Cv
k
F
DCvF ¼ 0
Consistent tangent: K ¼ I
X2
a¼1
Dt
gFa
TF : sym½MaCvFð1Ma þMa  1Þ

2sym½MaCvF  sym½MaTF  sym½MaCvF  sym½MaCvF : 2
oTF
oCvF

2
oTF
oCvF
¼
X2
a¼1  4
o2WneqF
oIe2F2aþ2
þ 4 o
2W
neq
F
oIe2F2aþ3
þ 8 oW
neq
F
oIeF2aþ2
þ 8 oW
neq
F
oIeF2aþ3
 !
Ma
CvF : Ma
 Ma
CvF : Ma
þ 4 o
2W
neq
F
oIe2F2aþ2
IeF2aþ3 þ 4
oWneqF
oIeF2aþ3
 !
Ma
CvF : Ma
 C
v1
F CMaCC
v1
F
CvF : Ma
þ C
v1
F CMaCC
v1
F
CvF : Ma
 Ma
CvF : Ma
 !
þ 4 o
2W
neq
F
oIe2F2aþ3
Cv
1
F CMaCC
v1
F
CvF : Ma
 C
v1
F CMaCC
v1
F
CvF : Ma
 !
þ 4 oW
neq
F
oIeF2aþ3
Cv
1
F  Cv
1
F CMaCC
v1
F
CvF : Ma
þ C
v1
F CMaCC
v1
F  Cv
1
F
CvF : Ma
 !
Solve for increment: DCvF ¼ K1 : Rk kvki

Update solution: Cv
kþ1
F ¼ Cv
k
F þ DCvF
Repeat until: kRk+1k < ctol
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The Second Piola–Kirchhoﬀ stress tensor for the anisotropic viscoelastic models can be decomposed additively
asSnþ1 ¼ SeqMnþ1ðCnþ1Þ þ S
neq
Mnþ1 Cnþ1;C
v
Mnþ1
 
þ SeqFnþ1ðCnþ1Þ þ S
neq
Fnþ1 Cnþ1;C
v
Fnþ1
 
: ðA:6ÞThis allows Cnþ1 also to be decomposed additively into equilibrium/nonequilibrium and isotropic/anisotropic
components asCnþ1 ¼ CeqMnþ1 þ C
neq
Mnþ1 þ C
eq
Fnþ1 þ C
neq
Fnþ1 : ðA:7ÞBecause the isotropic component of the stress response depends only on C, the equilibrium components of the
material tangent moduli can be evaluated simply asC
eq
M ¼ 2
oSeqM
oC
; CeqF ¼ 2
oSeqF
oC
: ðA:8ÞThe isotropic equilibrium part of the viscoelastic models is essentially a standard isotropic hyperelastic model.
Thus, CeqM can be evaluated in the same manner as the material tangent moduli in isotropic hyperelasticity (see
such nonlinear mechanics textbooks as Ogden (1997, Chapter 6) and Holzapfel (2000, Chapter 6) ). From Eq.
(A.8), the anisotropic equilibrium part of the material moduli can be derived from SeqF in Eq. (20) for the N
ﬁber-families model asC
eq
F ¼
XN
a¼1
4
o2WeqFa
oI2aþ3
Ma Ma: ðA:9ÞSimilarly, it can be derived from SeqF given in Eq. (32) for the generalized two ﬁber-families model as
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eq
F ¼
X2
a¼1
4
o2WeqFa
oI22aþ2
MaMaþ
X2
a¼1
4
o2WeqFa
oI22aþ3
ðCMaþMaCÞðCMaþMaCÞþ4
oWeqFa
oI2aþ3
ð1MaþMa1Þ
 !
;
ðA:10Þ
where the tensor in the ﬁnal expression is deﬁned as ð1MÞIJKL ¼ 12 ðdIKMJL þ dILMJKÞ.
The isotropic nonequilibrium part of the model is identical to the isotropic viscoelastic model developed by
Reese and Govindjee (1998) and it is recommended that their numerical method be applied to solve for the
internal stretches of the spatial form of the evolution Eq. (24) and to derive the material tangent moduli
C
neq
M . The anisotropic nonequilibrium part of the material moduli is evaluated by ﬁrst linearizing the aniso-
tropic nonequilibrium component of the stress response SneqF asDSneqF ¼ 2
oSneqF
oC
:
1
2
DCþ 2 oS
neq
F
oCvF
:
1
2
DCvF: ðA:11ÞDetermining CneqF in Eq. (A.11) requires developing a relationship between the increment DC
v
F of the ﬁber
phase, which is solved locally at the integration point, and the increment DC of the global solution algorithm.
For the N ﬁber-families model, this relationship can be determined for the integration algorithm described in
Table A.1 by linearizing the residual equation raðkanþ1 ; kvanþ1Þ ¼ 0. Considering that kanþ1 is not a constant in the
global solution algorithm, this yieldsora
okva|{z}
ka
Dkva þ
ora
oka|{z}
ga
Dka ¼ 0;
DCvF : Ma ¼
ga
kak
e
a
DC : Ma; ðA:12Þwhere the expressions for ka and ga are given in Table A.1. Substituting the ﬁnal relation into Eq. (A.11) and
factoring out DC givesC
neq
F ¼
XN
a¼1
4
o2WneqFa
oIe
2
Faþ3
 4 o
2WneqFa
oIe
2
Faþ3
IeFaþ3 þ
oWneqFa
oIeFaþ3
 !
ga
ka
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
IeFaþ3
q
0B@
1CA Ma
CvF : Ma
 Ma
CvF : Ma
: ðA:13ÞSimilarly, for the integration algorithms presented in Tables A.2 and A.3, a relationship for the the increment
DCvFnþ1 is obtained by linearizing the residual equation RðCvFnþ1 ;Cnþ1Þ ¼ 0 for a non-constant Cn+1. The result,DCvF ¼ K1 : G : DC; ðA:14Þ
is substituted into Eq. (A.12) to give the following general expression for the anisotropic nonequilibrium com-
ponent of the material tangent moduli,C
neq
F ¼ 2
oSneqF
oC
þ 2 oS
neq
F
oCvF
: K1 : G: ðA:15ÞThe tensors K and G are speciﬁc to the solution algorithm of CvFnþ1 and are given in Table A.2 for the N ﬁber-
families model and in Table A.4 for the generalized two ﬁber-families model.Appendix B. Linearization for the small-strain limit
This section presents the linearization of the examples Model I and II presented in Section 3 to obtain
expressions for the long- and short-time moduli and characteristic relaxation times in the small-strain limit.
For both models, the isotropic stress response of the matrix, rM, is obtained by substituting Eq. (41) into
Eq. (21) to give
Table A.4
Algorithmic anisotropic moduli for the two ﬁber-families model
Increment of
CvF:
DCvF ¼ K1 : G : DC
G ¼P2a¼1 DtgFa sym½MaCvF  sym½MaCvF : 2 oTFoC 
2 oTFoC ¼ 
P2
a¼1 4
o2Wneq
F
oIe2F2aþ2
þ 4 oW
neq
F
oIeF2aþ2
 
Ma
CvF :Ma
 MaCvF :Ma
þ 4 o
2W
neq
F
oIe
2
F2aþ2
IeF2aþ3 þ 4
oWneq
F
oIeF2aþ3
 
Ma
CvF :Ma
 MaCCv
1
F þCv
1
F CMa
CvF :Ma
þ4 o
2W
neq
F
oIe
2
F2aþ3
Cv
1
F CMaCC
v1
F
CvF :Ma
 Cv
1
F CMaCC
v1
F
CvF :Ma
 
þ4 oW
neq
F
oIeF2aþ3
Cv
1
F Cv
1
F CMaCC
v1
F
CvF :Ma
þ Cv
1
F CMaCC
v1
F Cv
1
F
CvF :Ma
 
Algorithmic
moduli:
C
neq
F ¼ 2
oSneq
F
oC þ 2
oSneq
F
oCvF
: K1 : G
2
oSneqF
oC
¼ 
X2
a¼14
o2WneqF
oIe
2
F2aþ2
Ma
CvF : Ma
 Ma
CvF : Ma
 4 o
2WneqF
oIe
2
F2aþ3
MaCC
v1
F þ Cv
1
F CMa
CvF : Ma
MaCC
v1
F þ Cv
1
F CMa
CvF : Ma
þ 4 oW
neq
F
oIeF2aþ3
Cv
1
F MaCCv
1
F þMaCCv
1
F  Cv
1
F
CvF : Ma
2
oSneq
F
oCvF
¼ P2a¼1 4 o2WneqFoIe2F2aþ2 þ 4 oW
neq
F
oIeF2aþ2
 
Ma
CvF :Ma
 Ma
CvF :Ma
þ4 o
2W
neq
F
oIe
2
F2aþ3
IeF2aþ3
MaCC
v1
F þCv
1
F CMa
CvF :Ma
 IeF2aþ3 MaCvF :Ma þ
Cv
1
F CMaCC
v1
F
CvF :Ma
 
þ4 oW
neq
F
oIeF2aþ3
Cv
1
F MaCCv
1
F þMaCCv
1
F Cv
1
F
CvF :Ma
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I3
p leq b 1
3
I11
 
þ lneq beM 
1
3
IeM11
  
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
sM
þ j
2
ﬃﬃﬃﬃ
I3
p
 1ﬃﬃﬃﬃ
I3
p
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
pM
1; ðB:1Þwhere b ¼ I133 b and beM ¼ I e
1
3
M3
beM. Applying the stress response in Eq. (B.1) to the spatial form of the evolution
equation for the matrix (see Appendix C) gives 1
2
Lvb
e
Mb
e1
M ¼
lneq
2gMS
beM 
1
3
IeM11
 
; ðB:2Þwhere Lvb
e
M ¼ F
_
Cv
1
M F
T is the Lie time derivative of beM. For Model I, the anisotropic component of the Cau-
chy stress tensor is obtained by applying Eq. (42) to Eq. (21),rF ¼ 1ﬃﬃﬃﬃ
I3
p
X2
a¼1
2keqðIaþ3  1ÞIaþ3ma þ
X2
a¼1
2kneq IeFaþ3  1
 
I eFaþ3ma
" #
: ðB:3ÞApplying Eq. (B.3) to Eq. (29), the ﬁber ﬂow rule can be written as_kva
kva
¼ 2k
neq
gF
IeFaþ3  1
 
IeFaþ3 : ðB:4ÞSimilarly, rF for Model II is calculated asrF ¼ 2ﬃﬃﬃﬃ
I3
p
X2
a¼1
keqðI2aþ3  1ÞI2aþ3ðbma þmabÞ þ 2ﬃﬃﬃﬃ
I3
p
X2
a¼1
kneq IeF2aþ3  1
 
IeF2aþ3 b
e
Fma þmabeF
 
: ðB:5ÞCombining Eqs. (B.5) and (36) gives the following ﬂow rule for kva for Model II,
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kva
¼ 2
gF
kneq IeF2aþ3  1
 
IeF2aþ3 þ
X2
b
Cv
1
F CMb : MaC
CvF : Mb
þMbCC
v1
F : CMa
CvF : Mb
 ! !
: ðB:6ÞTo examine the small strain behavior of the two models, the linearized Green–Lagrange strain is deﬁned as
e ¼ 1
2
ðC 1Þ and the associated linearized elastic and viscous strain tensors are deﬁned as ev ¼ 1
2
ðCv  1Þ
and ee = e  ev for both the matrix and ﬁber phases. Moreover, the structure tensor in the various conﬁgura-
tion reduces in the small-strain limit to ma ! fMa !Ma. In the limit of small strains, the models reduces to a
three-dimensional generalization of the rheological model shown in Fig. 1 of two standard three parameter
models arranged in parallel. Separately, the two standard models describe the viscoelastic behavior of the ma-
trix and ﬁber phases and their parallel combination describes the viscoelastic behavior of the composite. The
strain e is the total strain of the rheological model, while eeM and e
e
F are the strains of the springs in the Maxwell
elements. The linearized evolution equations developed below for the viscous strains evM and e
v
F govern the ﬂow
of the dashpots in the two Maxwell elements representing the relaxation of the matrix and ﬁber phases.
The small-strain short-time stress response (t! 0) of Model I is computed by linearizing Eqs. (B.1) and
(B.3) in the limit eeM ! eeF ! e to givero ¼ ð2ðleq þ lneqÞ I 1
3
1 1
 
þ j1 1þ
X2
a¼14ðk
eq þ kneqÞMa MaÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
co
: e: ðB:7ÞThe tensor co is deﬁned as the small-strain short-time moduli. Similarly, the small-strain long-time (t!1)
stress response of Model I is computed by linearizing Eqs. (B.1) and (B.3) in the limit evM ! evF ! e to yieldr1 ¼ 2leq I 1
3
1 1
 
þ j1 1þ
X2
a¼14k
eqMa Ma
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
c1
: e: ðB:8ÞThe short- and long-time small-strain moduli can be computed for Model II in the same manner to giveco ¼ 2ðleq þ lneqÞ I 1
3
1 1
 
þ j1 1þ
X2
a¼1
16 keq þ kneqð ÞMa Ma;
c1 ¼ 2leq I 1
3
1 1
 
þ j1 1þ
X2
a¼1
16kneqMa Ma: ðB:9ÞTo obtain the characteristic relaxation time of the matrix, Eq. (B.2) is linearized as_evM ¼
1
nM
I 1
3
1 1
 
: eeM; ðB:10Þwhere evM ¼ evM  trðevMÞ1, and e eM ¼ eeM  trðeeMÞ1 are the deviatoric strain components. The parameter
nM ¼ gMS=lneq is the characteristic relaxation time of the matrix. The characteristic relaxation time of the ﬁber
phase is obtained for Models I and II by linearizing Eqs. (B.4) and (B.6). The result can be expressed as_evF : Ma ¼
1
nF
eeF : Ma; ðB:11Þwhere nF = gF/(4k
neq) is the characteristic relaxation time of the ﬁber phase for Model I and nF = gF/(16k
neq)
is for Model II.
Appendix C. Viscoelastic evolution of the matrix phase
The following demonstrates that the spatial representation of Eq. (24) is identical to the evolution equation
developed for the isotropic viscoelasticity theory of Reese and Govindjee (1998). First the evolution Eq. (24) is
rewritten as follows,
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2
_CvM ¼
1
2gMS
CvM  CvM 
1
3
CvM  CvM
 
þ 1
9gMB
CvM  CvM
 
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V1
M
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 1
2
_
Cv
1
M ¼
1
2gMS
TM  1
3
ðTM : CvMÞCv
1
M
 
þ 1
9gMB
ðTM : CvMÞCv
1
M ; ðC:1Þwhere the relation  1
2
_
Cv
1
M ¼ Cv
1
M
_CvMC
v1
M has been applied. The symmetric ﬂow stress of the matrix phase in
Eq. (23) can be expressed as TM ¼ Cv1M CSneqM ¼ SneqM CCv
1
M , such that TM : C
v
M ¼ sneqM : 1. Pushing Eq. (C.1) for-
ward with F and applying FCv
1
M F
T ¼ beM, F
_
Cv
1
M F
T ¼ LvbeM, and FTMFT ¼ sneqM beM gives 1
2
Lvb
e
Mb
e1
M ¼
1
2gMS
I 1
3
1 1
 
þ 1
9gMB
1 1
 
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g1
M
: sneqF ; ðC:2Þwhich is the evolution equation developed by Reese and Govindjee (1998).
Appendix D. Fiber ﬂow stress for an orthotropic ﬁber arrangement
This section presents the development of the relationship in Eq. (35) for the components of sneqF and TF. The
term sneqF : sym½mab1 can be evaluated ass
neq
F : sym½mab1
¼
X2
a¼1
2
I2aþ2
oWneqFa
oIeF2aþ2
IeF2aþ2 þ
2
I2aþ2
oWneqFa
oIeF2aþ3
be : ma þ
X2
b
2
oWneqFb
oI eF2bþ3
I eF2bþ2
1
2
beFmb : mab
1 þmbbeF : mab1
  !
:
ðD:1Þ
It can be shown from Eq. (15) that be : ma ¼ IeF2aþ3 . Using this relation, the ﬁnal term in Eq. (D.1) can be rear-
ranged to give1
2
beFmb : mab
1 þmbbeF : mab1
  ¼ 1
2I2aþ2
Cv
1
F CMb : MaC
CvF : Mb
þMbCC
v1
F : CMa
CvF : Mb
 !
: ðD:2ÞSubstituting this result into Eq. (D.1) yields I2aþ2s
neq
F : sym½mab1 ¼ sneqFa . In the same manner, the term
TF : sym½MaCvF can be evaluated to give
TF : sym½MaCvF
¼
X2
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2
oWneqFa
oI eF2aþ2
IeF2aþ2 þ 2
oWneqFa
oIeF2aþ3
IeF2aþ3 þ
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1
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 ! !
; ðD:3Þwhich equals sneqFa .
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